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This article is concerned with determination of the underlying source of problematic
control performance through a data-driven Bayesian approach. This approach synthe-
sizes information from different monitoring algorithms to isolate possible problem
sources. A main issue encountered in the application of the data-driven approach is
the problem of missing data or missing monitor reading. By introducing the concept of
missing pattern, data missing problems are classified into single and multi missing pat-
terns. A novel method based on marginalization over underlying complete evidence
matrix is proposed to circumvent missing data problems. Performance of the proposed
Bayesian approach is examined through simulations as well as an industrial applica-
tion example to verify its ability of information synthesis. VVC 2009 American Institute of

Chemical Engineers AIChE J, 56: 179–195, 2010
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Introduction

The research on control loop performance monitoring and
diagnosis remains one of the most active research areas in
process control community. The main objective of control
performance monitoring and diagnosis is to provide an auto-
mated procedure that delivers information to plant personnel
for determining whether specified performance targets are
being met by the controlled process variables and that evalu-
ates the performance of control loop,1 as well as to suggest
possible problem source and troubleshooting sequence.

A number of benchmarks for control performance moni-
toring have been proposed, including minimum variance
control (MVC), linear quadratic Gaussian control (LQG),
historical data based, and user-specified control.1–4 A number
of successful applications of control performance monitoring
algorithms have been reported. Significant progress has also
been made in the development of instrument and process

monitors, including sensor monitors, actuator monitors, and
model validation monitors. However, most of the monitoring
algorithms target only one specific problem in a control loop
with the assumption that other problems do not occur simul-
taneously. Obviously, different problems can produce similar
symptoms, thus triggering the same monitor to alarm. On the
other hand, one problem source can also affect several moni-
tors simultaneously.

Although there exists a large volume of papers addressing
control loop monitoring, the literature has been relatively
sparse in reporting a systematic way for control loop diagno-
sis.1,5–7 Continuous improvement in control performance
must be accompanied by constantly monitoring the perform-
ance of the control loops and diagnosing the source of poor
performance, such as poor tuning, sticky valve, major dis-
turbance upset, or other root causes.1,7 Therefore, there is a
strong incentive to develop methods that not only monitor
control performance but also to isolate the underlying source
of problematic control performance in the system.

There are several challenging issues in synthesizing per-
formance monitors.8 First, although problem sources may be
different, the symptoms can be similar. For example, valve
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stiction can cause loop oscillation. So does an over-tuned
controller. Second, all processes operate in uncertain envi-
ronment to some extent, and there are uncertainties in the
links between problem sources and monitor readings. For
example, a sensor monitor does not necessarily issue an
alarm even if there is indeed a problem in the sensor. Thus,
a solution should be built on a probabilistic framework. Last
but not least, how to incorporate a priori knowledge in the
diagnostic system to improve diagnosis performance is also
worth consideration. Most of the existing monitoring meth-
ods are data based. However, incorporating a priori knowl-
edge such as causal relations between variables is not only
helpful but may also be necessary for an accurate diagnosis.8

Bayesian methods have been proven useful for a variety
of monitoring and predictive diagnosis purposes. Applica-
tions of Bayesian methods have been reported in medical
science, image processing, target recognition, pattern match-
ing, information retrieval, reliability analysis, and engineer-
ing diagnosis.9–12 It is one of the most widely applied tech-
niques in probabilistic inferencing.10 Built upon previous
work in Bayesian fault diagnosis9 and a framework outlined
in Huang (2008),8 this article develops a data-driven algo-
rithm for control loop diagnosis based on the Bayesian
framework with consideration of missing data.

The remainder of this article is organized as follows: A
general description of the control loop diagnosis problem is
given first, and some presumptions are made. A systematic
approach for data-driven control loop diagnosis is presented.
An approach based on marginalization over underlying com-
plete evidence matrix (UCEM) is then proposed to handle
the missing data problem. Simulations for a binary distilla-
tion column are presented. The diagnosis approach is applied
to an industry process. The final section concludes this arti-
cle with discussion on the results obtained.

Data-Driven Bayesian Approach for Control
Loop Diagnosis

Control loop diagnosis

Typically, a control loop consists of the following compo-
nents: controller, actuator, process, and sensor, all subject to
disturbances. These components may all suffer from certain
malfunctionings. For example, a valve acting as an actuator
may suffer from stiction problem; the output of a sensor
may be biased. All these problems may cause degradation of
control performance, such as large variation of process varia-
bles, and loop oscillation.

In this work, measurements of manipulated variables
(MVs) and controlled variables (CVs), and the nominal oper-
ating point are assumed to be available. If validation of the
process model or the disturbance model is of interest, then
their corresponding nominal models should naturally be
available. We further assume that all or some monitors are
available for the components of interest in the control loop.
There may be, for example, the control performance moni-
tor, valve stiction monitor, process model validation monitor,
and sensor monitor. These monitors, however, are all subject
to disturbances and thus false alarms, and each monitor can
be sensitive to abnormalities of other problem sources. For
instance, a valve with stiction problem in a univariate con-

trol loop may cause the alarms of several monitors, in addi-
tion to the valve stiction monitor itself, as shown in Figure
1, where the monitors marked with gray may respond to the
valve stiction problem. It is challenging for the operator to
determine where the problem source is with several simulta-
neous alarming monitors. Our goal is to determine the under-
lying source of problematic control performance based on
the outputs of all monitors.

In the presence of disturbances, Bayesian inference pro-
vides a well suited way to solve the diagnosis problem,
quantifying the uncertainty in its conclusion. In the work of
Pernestal,9 a Bayesian approach for diesel engine diagnosis
based on complete sensor readings is studied. This section
applies this approach9 to control loop diagnosis problem
based on complete readings of control loop monitors.

Preliminaries

To adopt the Bayesian method for control loop diagnosis,
several notations are introduced in this section.

Mode M. Assume that a control loop under diagnosis
consists of P components of interest: C1, C2,…,CP, among
which the problem source may lie in. All these components
are subject to possible abnormality or performance deteriora-
tion. Each component is said to have a set of discrete operat-
ing status. For instance, the sensor might be ‘‘‘biased’’ or
‘‘unbiased’’. The control loop diagnosis problem is to deter-
mine the operating status of all these components in the case
of problematic loop performance, that is to locate the under-
lying problem source of problematic control performance.
An assignment of operating status to all the components of
interest in the control loop is called a mode, and denoted as
M; M can take different values and its specific value is
denoted by m. For example, m ¼ (C1 ¼ well-tuned control-
ler, C2 ¼ valve with stiction, …). Mode representing normal
operation is denoted as NF (normal functioning), which
means that all components operate normally.

Suppose that component Ci has qi different status. Then,
the total number of possible modes is

Q ¼
YP
i¼1

qi;

and the set of all possible modes can be denoted as

M ¼ fm1;m2;…;mQg:

Figure 1. Typical control system structure.
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Evidence E. The monitor readings, called evidence, are
input to the diagnostic system and are denoted as E ¼
(p1,p2,…,pL), where pi is the output of the i-th monitor and
L is the total number of the monitors.

Often, the monitor readings, which are generally continu-
ous, are discretized according to thresholds. In this work,
monitor readings are all assumed to be discrete. For exam-
ple, the control performance monitor may indicate ‘‘opti-
mal,’’ ‘‘normal,’’ or ‘‘poor,’’ depending on the thresholds
adopted. The specific value of evidence E is denoted as e;
for example, e ¼ (p1 ¼ optimal control performance, p2 ¼
no sensor bias,…). Suppose that the single monitor output pi
has ki different discrete values. Then there are totally

K ¼
YL
i¼1

ki

different evidences, and the set of all evidences can be
denoted as

E ¼ fe1; e2;…; eKg;

where ei is the i-th possible evidence value of E.
Historical Data Set D. Historical data are retrieved from

the past data record where the mode of control loop, namely,
status of all components of interest in the control loop, is
available, and the monitor readings are also recorded.

Each sample dt at time t in the historical data set D con-
sists of the evidence et and the underlying mode mt. This
can be denoted as dt ¼ (et,mt), and the set of historical data
is denoted as

D ¼ fd1; d2;…; d
~Ng;

where ~N is the number of historical data samples. The
historical data set can be further divided into subsets under
different modes,

D ¼ fDm1
;Dm2

;…;DmQ
g;

and

Dmi
¼ fd1mi

;…; d
Nmi
mi g

includes all historical samples with the underlying mode being
mi, where Nmi

is the number of historical samples correspond-
ing to mode mi, and

P
i Nmi

¼ ~N.
Different historical data samples may be autocorrelated or

independent depending on how they are sampled as well as
how the disturbances affect the monitors. Each monitor read-
ing is calculated from a segment (window) of recorded pro-
cess data. If there is no overlap of the windows between two
consecutive monitor calculations and there is a sufficient gap
between the two windows, then the monitor readings are
considered to be independent. In this work, all the historical
data samples are assumed to be independent, i.e.,

pðDÞ ¼ pðd1; d2;…; d
~NÞ ¼ pðd1Þpðd2Þ…pðd ~NÞ: (1)

However, even for a medium-sized system, there are
many possible combinations of abnormalities, so it is infeasi-
ble to collect data from all possible modes of a large-scale
system. Further, there may be some abnormalities, or combi-
nation of abnormalities, which have not occurred before, and
hence no corresponding historical data are available. These
modes are all categorized as the unconsidered (UC) mode.

Given current evidence E, historical data set D, Bayes’
rule can be stated as following:

pðMjE;DÞ ¼ pðEjM;DÞpðMjDÞ
pðEjDÞ ; (2)

where pðMjE;DÞ is the conditional probability of mode M in
the control loop given current evidence E, historical data set
D, which is also known as posterior probability or simply
posterior; pðEjM;DÞ is the probability of having current
evidence E, conditioning on mode M with historical data D,
also known as likelihood probability or simply likelihood;
pðMjDÞ is the prior probability of mode M; and pðEjDÞ is
a scaling factor, and can be calculated as pðEjDÞ ¼P

M pðEjM;DÞpðMjDÞ. Note that historical data are selec-
tively collected when control loop operates under different
modes; therefore, they provide no information of prior
probabilities of the abnormalities, and as a result,
pðMjDÞ ¼ pðMÞ.9

Estimation of likelihood probability

Because prior probabilities are determined by a priori in-
formation, and the scaling factor pðEjDÞ can be calculated
readily by

pðEjDÞ ¼
X
M

pðEjM;DÞpðMjDÞ;

the main task of building a Bayesian diagnostic system is the
estimation of the likelihood probabilities with historical data
D, whose objective is to make the estimated likelihood
probabilities be consistent with historical data D. Pernestal9

presented a data-driven Bayesian algorithm to estimate the
likelihood. The method is adopted here for control loop
diagnosis.

Suppose that the likelihood of evidence E ¼ ei under
mode M ¼ mj is to be calculated, where

ei 2 E ¼ fe1;…; eLg;

and

mj 2 M ¼ fm1;…;mQg:

The likelihood pðeijmj;DÞ can only be estimated from the
historical data subset Dmj

, where the mode M ¼ mj,

pðeijmj;DÞ ¼ pðeijmj;Dmj
;D:mj

Þ ¼ pðeijmj;Dmj
Þ; (3)

where D´mj
is the data set whose underlying mode is not mj.

The likelihood probability can be computed by marginali-
zation over all possible likelihood parameters,
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pðeijmj;Dmj
Þ ¼

Z
X
pðeijHmj

;mj;Dmj
Þf ðHmj

jmj;Dmj
ÞdHmj

;

(4)

where Hmj
¼ {ye1|mj, ye2|mj,…,yeK|mj} are the likelihood

parameters for all possible evidences of mode mj, K is the total
number of possible evidences; for example, yei|mj ¼ p(ei|mj) is
the likelihood of evidence eiwhen the underlying mode ismj;X
is the space of all likelihood parameters Hmj

. In Eq. 4,
f ðHmj

jmj;Dmj
Þ can be calculated according to Bayes’ rule:

f ðHmj
jmj;Dmj

Þ ¼
pðDmj

jHmj
;mjÞf ðHmj

jmjÞ
pðDmj

jmjÞ
: (5)

In Eq. 5, Dirichlet distribution is commonly used to model
priors of the likelihood parameters with Dirichlet parameters
a1jmj

; � � � ; aKjmj
,9

f ðHmj
jmjÞ ¼

Cð
PK

i¼1 aijmj
ÞQK

i¼1 Cðaijmj
Þ
YK
i¼1

h
aijmj�1

ijmj
; (6)

where ai|mj can be interpreted as the number of prior samples
for evidence ei under mode mj, which will be elaborated
shortly; C(�) is the gamma function,

CðxÞ ¼
Z 1

0

tx�1e�tdt: (7)

Here, all the independent variables x of the gamma func-
tions take positive integers, so

CðxÞ ¼ ðx� 1Þ!: (8)

The likelihood of historical data subset Dmj
can be written

as

pðDmj
jHmj

;mjÞ ¼
YNmj

t¼1

pðdtmj
jHmj

;mjÞ: (9)

The data sample at time t in the historical data subset Dmj

includes the underlying mode mj and the evidence et,

dtmj
¼ ðet;mjÞ:

Thus, when et ¼ ei,

pðdtmj
jHmj

;mjÞ ¼ hijmj
: (10)

Combining Eqs. 9 and 10, we have

pðDmj
jHmj

;mjÞ ¼
YK
i¼1

h
nijmj
ijmj

; (11)

where nijmj
is the number of historical samples where the

evidence E ¼ ei, and the underlying mode M ¼ mj.

Substituting Eqs. 11 and 5 in Eq. 4, the following result
can be obtained for the likelihood:9

pðE ¼ eijM ¼ mj;DÞ ¼
nijmj

þ aijmj

Nmj
þ Amj

; (12)

where ni|mj
is the number of historical samples with the

evidence E ¼ ei, and mode M ¼ mj; ai|mj
is the number of prior

samples that is assigned to evidence ei under mode mj; Nmj
¼P

ini|mj
, and Amj

¼
P

iai|mj
. To simplify notations, the subscript

mj will be omitted when it is clear from the context.
This is a concise yet intuitive result. The likelihood proba-

bility is determined by both prior samples and historical data
samples. As the number of historical data increases, the like-
lihood probability will converge to the relative frequency
determined by the historical data samples, and the influence
of priors will decrease. The number of prior samples can be
interpreted as prior belief of the likelihood distribution,
where a uniform distribution indicates that prior sample
numbers are equal across all evidences under a given under-
lying mode. It is important to set nonzero prior sample num-
bers; otherwise, the diagnostic system may yield unexpected
results.9 One may consider that the numbers of the prior
samples represent the belief of the prior likelihood. The
larger the prior sample numbers are, the stronger belief in
the prior likelihood. In general, the numbers of prior samples
of all possible evidences are set to be equal as a noninforma-
tive prior if there is no prior information available.

Consider a univariate control loop under diagnosis with
two possible problematic components: a valve subject to the
possible stiction problem, and a sensor subject to the possi-
ble bias problem. Each possible problematic component has
a corresponding monitor. The reading of each monitor is dis-
cretized into two bins with predefined thresholds; therefore,
the overall evidence space is discretized into four bins, as
shown in Figure 2a. Consider that the underlying system
mode is m ¼ (no valve stiction, sensor bias). Each discrete
evidence bin is assigned with one prior sample under the
assumption of uniformly distributed prior samples. See Fig-
ure 2a. Hence, aj|m ¼ 1, Am ¼ 4, and the likelihoods of all
the evidences equal 1/4. With the historical data collected
under the same underlying mode m, the likelihood probabil-
ities can be updated according to Eq. 12, as presented in
Figure 2b.

With the estimated likelihood probabilities for current evi-
dence E under different modes mi, PðEjmi;DÞ, and the user
defined prior probabilities p(mi), posterior probabilities of
each mode mi 2 M can be calculated according to Eq. 2.
Among these modes, the one with largest posterior probabil-
ity is typically picked up as the underlying mode based on
the maximum a posteriori (MAP) principle, and the abnor-
mality associated with this mode is then diagnosed as the
problem source.

The above procedure illustrates a data-driven approach for
control loop diagnosis. Results from different monitors can be
synthesized to generate posterior probabilities for diagnosis.

Diagnosis with Missing Data

Although a Bayesian procedure for data-driven control
loop diagnosis has been discussed in the previous section,
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main problems remain. An outstanding problem of the pro-
cedure described earlier is its inability to handle missing
data. It is not uncommon that some monitor readings are not
available in part of historical data record. However, in the
method described so far, only complete historical data sam-
ples can be used. If any monitor reading is missing, then all
the other monitor readings sampled in the same evidence
have to be discarded, which will reduce the number of avail-
able historical samples and compromise the performance of
the diagnosis. This can be very problematic in many practi-
cal applications, where certain modes only appear infre-
quently. This problem will be addressed in this section.

In the following discussions, the subscript for denoting the
mode M will be omitted for simplicity without causing con-
fusion.

Problem formulation

The historical data set includes two parts, the complete
data samples and the incomplete ones,

D ¼ fDc;Dicg;

where Dc is the data set with complete evidences, and the Dic

is the remaining data set with incomplete evidences. The two
data sets are therefore named complete data set and incomplete
data set, respectively.

Let a complete evidence consist of L monitor readings,

E ¼ ðp1;p2;…; pLÞ;

and each single monitor reading pi has ki different discrete
values. In reality, the missing data problem may occur in any
of these monitors. A concept named ‘‘missing pattern’’ needs
to be introduced to describe and classify the data missing
problems.

Missing pattern is determined by the locations of the miss-
ing data, i.e., how the missing monitor readings occur in an
evidence. If two incomplete evidences have missing data
from the same monitors, they belong to the same missing
pattern, regardless of the value of the available monitor read-
ings. For example, two evidence readings (�,�,0) and
(�,�,1) belong to the same missing pattern, where �
denotes the missing value. Otherwise, they are said to fall
into different missing patterns. For instance, the two evi-
dence readings (�,1,0) and (1,�,1) belong to two different
missing patterns; it should be noted that two evidence read-
ings (�,�,0) and (1,�,1) are also from two distinct missing
patterns. By enumerating the numbers of missing patterns in
the historical data set, the data missing problems can be
classified into single missing pattern ones and multi missing
pattern ones.

In a multi missing pattern problem, the incomplete histori-
cal data set is divided into groups of different single missing
patterns. For each single missing pattern, all the missing
data are from the same monitors and missing data occur
across these problematic monitors simultaneously. Without
loss of generality, assume that the first q monitor readings
have missing data for a given missing pattern. Thus, an
incomplete evidence in this missing pattern can be repre-
sented as

E ¼ ð�;…;�;pqþ1;…; pLÞ:

Each of the available monitor readings pqþ1,…,pL can
take one of its ki discrete values; thus, there are in total

S ¼
YL

i¼qþ1

ki

different combinations of incomplete evidences. Each missing
reading of the first q monitors could have been anyone of its
possible output values; thus, each incomplete evidence may
have come from one of the R ¼

Qq
i¼1 ki underlying complete

evidences.
A unique UCEM can be formed for each missing pattern.

This matrix is constructed by enumerating all possible
incomplete evidences in a column in front of the matrix, and
then listing all possible underlying complete evidences corre-
sponding to each incomplete evidence in the same row.
Therefore, the size of a UCEM is S � R. Such a matrix
looks like, for instance, for one of single missing patterns

Figure 2. Likelihood updating.

(a) Likelihood with only prior samples.

(b) Updated likelihood with historical data.
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ð�;�; 0Þ
ð�;�; 1Þ

ð0; 0; 0Þ ð0; 1; 0Þ ð1; 0; 0Þ ð1; 1; 0Þ
ð0; 0; 1Þ ð0; 1; 1Þ ð1; 0; 1Þ ð1; 1; 1Þ

� �
: (13)

Each row of UCEM contains all possible underlying com-
plete evidences corresponding to an incomplete evidence.
All elements of this matrix are unique, so there should be no
coincidence between any two different rows in a UCEM.
Therefore, all underlying complete evidences can be located
in the UCEM uniquely.

In the following derivation, first consider the k-th single
missing pattern corresponding to a UCEM (denoted as k-th
UCEM); the underlying complete evidence with location (i,j)
in the k-th UCEM is denoted as ei,j/k; its likelihood parameter
is denoted as hi,j/k; the number of historical samples with
this underlying complete evidence is denoted as gi,j/k. The
corresponding incomplete evidence is denoted as ei/k; its
likelihood is denoted as ki/k; the historical sample number of
this incomplete evidence is denoted as gi/k. For instance, in
the UCEM in Eq. 13, which is assumed to be the first
UCEM, the evidence (0,0,0) is denoted as e1,1/1; the number
of historical samples with this evidence is denoted as g1,1/1.
The corresponding incomplete evidence, (�,�,0), is denoted
as e1/1; the historical sample number of (�,�,0) is g1/1, and
its likelihood is k1/1.

The solutions

Consider Eq. 5,

f ðHjM;DÞ ¼ pðDjH;MÞf ðHjMÞ
pðDjMÞ :

The numerator can be calculated by integration over the
likelihood space X,

pðDjMÞ ¼
Z
X
pðDjH;MÞf ðHjMÞdX: (14)

Our interest lies in how to derive the likelihood of histori-
cal data pðDjH;MÞ in the presence of missing data.

When there are only complete historical samples,
pðDjH;MÞ can be calculated with Eq. 11. Missing data
occur from the problematic monitor readings, and the rest of
the monitor outputs still provide partial information of evi-
dence. Thus, the incomplete samples need to be taken into
consideration when evaluating the likelihood. The likelihood
probability of an incomplete data sample dtic ¼ (ei/k,m)
equals the likelihood of the incomplete evidence ei/k,

pðdticjH;MÞ ¼ pððei=k;MÞjh;MÞ ¼ pðei=kjH;MÞ ¼ ki=k; (15)

which is the summation of the probabilities of all the possible
underlying complete evidences, i.e., marginalization of the
likelihood over all possible complete evidences in the i-th row
of the k-th UCEM,

pððei=k;MÞjh;MÞ ¼
XR
j¼1

pðei;j=kjH;MÞ ¼
XR
j¼1

hi;j=k: (16)

Take the UCEM in Eq. 13 as an example. The likelihood
of incomplete evidence (�,�,0) equals the summation of
likelihood from (0,0,0) to (1,1,0) in the first row,

pððe1=1;MÞjH;MÞ ¼ k1=1 ¼
X4
j¼1

h1;j=1: (17)

Single Missing Pattern Problem. For a single missing
pattern problem, where only one UCEM exists, the likeli-
hood probability over the historical data set, including both
complete and incomplete samples, is

pðDjH;MÞ ¼ pðDcjH;MÞpðDicjH;MÞ

¼
YS
i¼1

YR
j¼1

h
gi;j
i;j �
YS
i¼1

kgii ¼
YS
i¼1

YR
j¼1

h
gi;j
i;j �

XR
k¼1

hi;k

 !gi
" #

:

(18)

Note that because only one UCEM exits for the single
missing pattern problem, the subscript denoting the number
of UCEM is omitted here without causing confusion.

Again, let the prior distribution of likelihood parameters
be Dicichlet distributed with parameters ai,j for the complete
evidences,

f ðHjMÞ ¼
Cð
PS

i¼1

PR
j¼1 ai;jÞQS

i¼1

QR
j¼1 Cðai;jÞ

YS
i¼1

YR
j¼1

h
ai;j�1

i;j : (19)

Then,

f ðHjM;DÞ ¼ pðDjH;MÞf ðHjMÞ
pðDjMÞ

¼ 1

pðDjMÞ �
YS
i¼1

YR
j¼1

h
gi;j
i;j �

XR
k¼1

hi;k

 !gi
" #

�
Cð
PS

i¼1

PR
j¼1 ai;jÞQS

i¼1

QR
j¼1 Cðai;jÞ

YS
i¼1

YR
j¼1

hai;j�1

i;j :

(20)

Let

c ¼
Cð
PS

i¼1

PR
j¼1 ai;jÞQS

i¼1

QR
j¼1 Cðai;jÞ

;

and then Eq. 20 can be written as

f ðHjM;DÞ

¼ c

pðDjMÞ �
YS
i¼1

YR
j¼1

h
gi;j
i;j �

XR
k¼1

hi;k

 !gi
" #

�
YS
i¼1

YR
j¼1

h
ai;j�1

i;j

¼ c

pðDjMÞ �
YS
i¼1

YR
j¼1

h
gi;jþai;j�1

i;j �
XR
k¼1

hi;k

 !gi
" #

¼ cR
X pðDjH;MÞf ðHjMÞdH �

YS
i¼1

YR
j¼1

h
gi;jþai;j�1

i;j �
XR
k¼1

hi;k

 !gi
" #

:

(21)
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After some derivations, as presented in Appendix the like-
lihood of evidence es,r can be determined as

pðes;rjM;DÞ ¼
gs;r þ as;r

N þ A
�
PR

j¼1ðgs;j þ as;jÞ þ gsPR
j¼1ðgs;j þ as;jÞ

¼
gs;r þ as;r

N þ A
� 1þ gsPR

j¼1ðgs;j þ as;jÞ

 !
:

(22)

Let us use an example to illustrate the likelihood calcu-
lation. Suppose that there are two monitors p1 and p2,
both with possible output 0 and 1, and p2 is missing
in part of the historical data samples. Using the com-
plete samples only, the likelihood of evidence (0,0), for
example, is

pðð0; 0ÞjM;DÞ ¼
gð0;0Þ þ að0;0Þ

Nc þ A
; (23)

where g(0,0) is the number of complete data samples with
evidence (0,0), and a(0,0) is the prior sample number for
evidence (0,0); Nc is the number of complete historical data
samples. When the incomplete data samples are also used,
according to Eq. 22, the likelihood becomes

pðð0; 0Þjm;DÞ ¼
gð0;0Þ þ að0;0Þ

N þ A
� 1þ

gð0;�ÞP
p2
gð0;p2Þ þ að0;p2Þ

 !
;

(24)

where g(0,�) is the number of samples with incomplete
evidence pattern (0,�).

The estimated likelihood in Eq. 22 has an intuitive expla-
nation. It can be rewritten as

pðes;rjM;DÞ ¼
gs;r þ as;r þ g0s;r

N þ A
; (25)

where

g0s;r ¼ gs �
gs;r þ as;rPR
j¼1ðgs;j þ as;jÞ

(26)

can be interpreted as the expected number of samples with
evidence es,r in the incomplete data set. Interestingly, this
number equals the expected value of a variable subject to
Dirichlet distribution with parameters (gs,1 þ as,1, gs,2 þ
as,2,…,gs,R þ as,R). As a result, the expected number of the
underlying complete evidences in the incomplete data set can
be estimated from the distribution of the complete evidences.
See Figure 3 for illustration, where the sensor bias monitor
reading is assumed to be missing in some historical samples.
The incomplete data samples are located on the boundary
between ‘‘biased’’ and ‘‘unbiased’’ zone; namely the under-
lying missing values could be sensor bias or unbias. With
totally two samples in the evidence bin labeled with (no
stiction, unbiased), and three samples in the evidence bin
labeled with (no stiction, biased), the expected numbers of the
underlying complete evidences in the incomplete samples can
be calculated using Eq. 26, as shown in Figure 3. Namely,
among the four incomplete evidences, 1.6 of them are
expected to be in the bin (no stiction, unbiased) and 2.4 of
them are expected to be in the bin (no stiction, biased).

The estimated sample numbers from the incomplete data
set, together with the numbers of complete data samples and
prior samples, are used to calculate the final likelihood
according to Eq. 25.

In summary, the following routine can be developed to
estimate the likelihood from historical data with missing
data.

1. Construct an UCEM for the incomplete data samples;
2. Calculate the expected numbers of all possible under-

lying evidences g0s,r according to Eq. 26;
3. Calculate the likelihood according to Eq. 25.
By considering the incomplete samples, how will the like-

lihood be changed? Consider a data set with incomplete
samples. Table 1 is the detail of the data set. The prior sam-
ples are uniformly distributed with one for each complete
evidence.

Compare the two different missing data handling strat-
egies, i.e., omitting all the incomplete evidences, and consid-
ering the incomplete evidences according to the proposed
approach. The results are displayed in Table 2.

With the difference being significant, it is demonstrated that
the information from the incomplete evidences is useful for the

Figure 3. Estimation of expected numbers of complete
evidences in the incomplete samples.

Table 1. Summary of Historical and Prior Samples

Evidence (0,0) (0,1) (1,0) (1,1) (0, �) (1, �)

Historical samples 6 5 4 8 20 4
Prior samples 1 1 1 1 N/A N/A

Table 2. Estimated Likelihood

Evidence (0,0) (0,1) (1,0) (1,1)

Likelihood (discarded) 0.2593 0.2222 0.1583 0.3333
Likelihood (marginalization) 0.3484 0.2989 0.1261 0.2269
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estimation of likelihood. Simply omitting all the incomplete
evidences will lose information for the likelihood estimation.

An interesting question at this point is when the proposed
approach does not change the likelihood estimation, i.e., gener-
ating the same likelihood as that when only the complete evi-
dences are considered. In view of Eq. 22, if the missing ratio

qmiss
s ¼ gsPR

j¼1ðgs;j þ as;jÞ
(27)

is identical for all rows in UCEM, namely for different s, the
likelihood of evidence es,r is

pðes;rjM;DÞ

¼ 1

N þ A
� ðgs;r þ as;rÞ þ gs �

gs;r þ as;rPR
j¼1ðgs;j þ as;jÞ

" #

¼
gs;r þ as;r

N þ A
� 1þ qmiss

s

� �
¼

gs;r þ as;rP
s;jðgs;j þ as;jÞ þ qmiss

s

P
s;jðgs;j þ as;jÞ

� 1þ qmiss
s

� �
¼

gs;r þ as;rP
s;jðgs;j þ as;jÞ

¼
gs;r þ as;r

Nc þ A
;

(28)

which is the same as the result obtained with only
consideration of the complete evidences. Thus, it can be
concluded that if the missing ratios qmiss

s are the same in all the
incomplete evidences, consideration of incomplete evidences
will not introduce extra information, and hence the same
likelihood will be obtained. For example, consider a set of
historical evidences summarized in Table 3, with one prior
sample being assigned to each complete evidence.

According to the definition of missing ratio in Eq. 27,

qmiss
ð0;�Þ ¼

7

ð2þ 1Þ þ ð3þ 1Þ ¼ 1

and

qmiss
ð1;�Þ ¼

11

ð4þ 1Þ þ ð5þ 1Þ ¼ 1:

In this example, introduction of the incomplete evidences
will not change the estimation of the likelihood. Other than

this special case, the proposed method will in general gener-
ate different likelihood estimation from that obtained by
merely using the complete evidences.

Multi Missing Pattern Problem. The solution for the multi-
missing pattern is more complex. In this section, we will
sketch the derivation and present the general solution.

When there are more than one missing patterns in the his-
torical data set, several UCEMs exist. Suppose that a histori-
cal data set, where each complete evidence contains two
monitor readings, E ¼ (p1, p2), has two missing patterns
(�,p2) and (p1, �). Let both p1 and p2 have two possible
values 0 and 1. Two UCEMs are constructed for the histori-
cal data set:

ð�; 0Þ
ð�; 1Þ

ð0; 0Þ ð1; 0Þ
ð0; 1Þ ð1; 1Þ

� �
(29)

and

ð0;�Þ
ð1;�Þ

ð0; 0Þ ð0; 1Þ
ð1; 0Þ ð1; 1Þ

� �
: (30)

Both UCEMs need to be taken into consideration when
calculating the likelihood of historical data, including both
complete and incomplete samples. Because all complete evi-
dences can be located in either one of the two UCEMs, we
only need to use one to denote the likelihood of underlying
complete evidences. The likelihood parameter for complete
evidence (0,0) , for example, is represented as y1,1/1 accord-
ing to the UCEM in Eq. 29.

In general, assume there are P missing patterns in the his-
torical data set, the likelihood of the data set is calculated as

pðDjH;MÞ ¼ pðDcjH;MÞpðDicjH;MÞ

¼
YS1
i¼1

YR1

j¼1

h
gi;j=1
i;j=1 �

YP
k¼1

YSk
i¼1

k
gi=k
i=k

¼
YS1
i¼1

YR1

j¼1

h
gi;j=k
i;j=1 �

YP
k¼1

YSk
i¼1

XRk

j¼1

hi;j=k

 !gi=k

;

(31)

where the size of k-th UCEM is Sk � Rk. Considering the fact
that all the complete evidences can be located in a single
UCEM uniquely, each complete evidence ei,j/k must have one
and only one match in the first UCEM. As such, the first
UCEM can be used as the target, to project all the margin-
alization of the incomplete evidences onto it.

Following the similar derivation procedure as developed
for single missing pattern case, the likelihood of complete
evidence es,r/1 can be derived, as

Table 3. Summary of Historical and Prior Samples

Evidence (0,0) (0,1) (1,0) (1,1) (0, �) (1, �)

Historical sample 2 3 4 5 7 11
Prior sample 1 1 1 1 N/A N/A

pðes;r=1jM;DÞ ¼ 1

N þ A
�
P

T 1���T P

QP
k¼1

QSk
i¼1 CT k

i
gi=k

Cð
PP

j¼1 Zs;r þ 1Þ
Q

ðu;vÞ6¼ðs;rÞ CðZu;vÞ
h i

P
T 1���T P

QP
k¼1

QSk
i¼1 CT k

i
gi=k

QS1
u¼1

QR1

v¼1 CðZu;vÞ
h i ; (32)

where T i is all the combination of T j for the i-th missing
pattern; Zs;r ¼

PP
j¼ 1

~ts;r=j þ gs;r=1 þ as;r=1; ~ts;r=j is the possible
number of complete evidence es,r/1 in the j-th missing pattern;

gs,r/1 and as,r/1 are the historical counts and prior counts of the
complete evidence es,r/1 respectively; and N ¼

P
i;j gi;j=1þP

i;k gi=k, A ¼
P

i;j ai;j=1.
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In view of the general solution for multi missing patterns
presented in Eq. 32, we can see that the computation load
increases exponentially with the growth of missing patterns.
Thus, simplification or approximation of the likelihood
calculation is necessary for a computationally affordable
solution.

However it is worthy to point out that the single missing
pattern solution does have its practical merit whether the
data have single missing pattern or multi missing patterns. In
general, the multi missing patterns do exist. The evidence of
a typical process consists of a large number of monitor read-
ings but not all these variables suffer from the missing data
problem. In other words, there are some monitors that have
data missing problem. If data missing does not occur simul-
taneously across all the problematic variables, a multi miss-
ing pattern occurs, but we can still apply the single missing
pattern method to get an approximate solution. In this case,
a single missing pattern which includes all monitors that
have missing data problems is constructed. All multi missing
patterns can be fitted into this singlemissing pattern by dis-
carding some monitor readings. For instance, consider that
an evidence of a process contains five monitors and two of
them have missing data problem, say monitor 1 and 2. If in
an instant, one monitor reading has missing data, say moni-
tor 1, but the other one (monitor 2) has a reading at this
instant (i.e., multi missing pattern occurs). The traditional
method would ignore readings of all five monitor readings at
this instant. To apply the proposed single missing pattern
method, however, one only needs to omit the reading of
monitor 2, but the readings from monitors 3–5 can still be
used, rather than omitting all five monitor readings. An
improvement is therefore expected. Comparing to the com-
putation load of applying full missing pattern method, this
single missing pattern approximation can be a valuable alter-
native. We will demonstrate its application to a multi miss-
ing pattern problem.

Simulation Example

Process description

To investigate diagnosis performance of the proposed
Bayesian approach for process with advanced process control

scheme, we apply the algorithm to a simulated binary distil-
lation column (Figure 4).13

The column has five inputs, four of which are MVs oper-
ated by a model predictive controller (MPC). Of the 10
outputs, three are controlled quality variables. They are as
follows: top product (distillate) quality measured as final
boiling point (FBP top), bottom product (pressure compen-
sated) temperature (PCT bottom), and column pressure. The
process is subject to several different problems. All the pos-
sible modes, and the corresponding problematic components,
are listed in Table 4.

Monitor selection

To evaluate the information synthesizing ability of the
Bayesian diagnosis approach, monitors are chosen rather
arbitrarily, some of which have high false-alarm/misdetection
rate.

Control Performance Monitor. The MVC benchmark is
adopted to evaluate control performances for both univariate
and multivariate cases. The FCOR algorithm2 is used to
compute control performance indices based on both univari-
ate CVs and multivariate CVs.

Valve Stiction Monitor. For illustrative purposes, we con-
sider the following simplified scenario: if a control loop has
oscillation, then the oscillation is caused either by valve stic-
tion or by external oscillatory disturbance. The latter has the
sinusoid form, whereas the former does not.

If the CV and the MV of a control loop oscillate sinusoi-
dally, by plotting CV versus MV, an ellipse will be obtained.
It has been observed that an ellipse will be distorted if the
oscillation is caused by valve stiction. The method adopted
here is based on the evaluation of how well the shape of the
CV versus MV plot can be fitted by an ellipse. An empirical
threshold of distance between each data point and the ellipse
is used to determine the goodness-of-fit, and thereafter the
valve stiction.

Process Model Validation Monitor. The local approach
based on the output error (OE) method14 is used to validate
the nominal process model. This method applies to MISO
systems. A MIMO system can be separated into several
MISO subsystems. Models of each MISO part can be moni-
tored with the local approach.

Disturbance Model Monitor. According to the assump-
tion made earlier, the nominal model for the output disturb-
ance, namely Gl, is available when the disturbance model
validation is of concern. Multiplying the residual of the

Table 4. Operating Modes

Mode Problematic Components

NF None
m1 Poorly tuned MPC controller
m2 Feed temperature valve stiction
m3 Duty valve stiction
m4 FBP top and PCT bottom model mismatch
m5 PCT bottom model mismatch
m6 PCT bottom disturbance dynamic change
m7 Pressure disturbance dynamic change
m8 FBP top sensor bias
m9 Pressure sensor bias
UC Other unknown errors or combinations of errors

Figure 4. Distillation column simulation system.
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process model with inverse of the disturbance model yields
the input to the disturbance model ~eðtÞ,

~eðtÞ ¼ G�1
l ½yðtÞ � ŷðtÞ�; (33)

where y(t) is the process output, and ŷðtÞ is the simulated
output. If there is no mismatch in the disturbance model, the
generated sequence should be white noise. Thus, the
disturbance model validation problem can be transformed into
a whiteness test problem. The index ~eTðtÞR�1

~e ~eðtÞ, which
should follow v2 distribution, is used as the output of the
disturbance dynamics monitor, where R~e is variance of ~eðtÞ.

Sensor Bias Monitor. An analytical redundancy method,
which eliminates the unknown states, is applied to detect
sensor bias.15

Diagnosis settings and results

Because the three quality CVs are of the main interest, the
selected monitors mainly target these CVs, as shown in
Table 5.

The parameter settings of the Bayesian diagnostic system
are summarized in Table 6. Note that UC represents
unknown problems as well as combinations of two or more
problems occurring simultaneously, so data from PCT bot-
tom sensor bias mode, which represents unknown problems,
and data from simultaneous poorly tuned controller and pres-
sure sensor bias mode, which represents combination of two
or more problems, are collected for the validation of UC
mode.

Diagnosis results in Figure 5 are obtained from evaluation
(cross-validation) data, which are generated independently of
historical samples. In Figure 5, the title of each plot denotes
the true underlying mode, and the numbers on the horizontal
axis stand for the diagnosed 11 possible modes numbered
according to the sequence shown in the first column in Table
4. In each plot, the posterior probability corresponding to the
true underlying mode is highlighted with gray bars, whereas

the others are in dark bars. The diagnostic conclusion is
determined by picking up the mode with the largest posterior
probability. If the largest probability happens to be the gray
one, then the problem source is correctly identified. From
Figure 5, we can see that all the true underlying modes are
assigned with the largest posterior probabilities, except UC.
Even in the presence of low-performance monitors, the
Bayesian approach can synthesize information from these
monitors to provide good diagnosis results. Performance of
the diagnostic system for the UC mode, however, is poor as
expected, owing to the lack of historical data for that mode.

Missing data handling

Assume that duty valve stiction monitor reading p6 and
process model monitor reading p9 have missing data in some
historical samples collected under m9, pressure sensor bias
mode. The incomplete evidence can be denoted as

e ¼ ðp1;…;p5;�;p7;p8;�;p10;…; p15Þ:

In the simulation, set that p6 and p9 tend to be missing
when the discrete output of the pressure sensor bias monitor
reading is ‘‘high’’. A total of 90% of p6 and p9 are missing

Table 5. Summary of Monitors

Monitor Description

p1 Overall control performance monitor
p2, p3, p4 Univariate control performance monitors for the

three quality variables
p5, p6 Valve stiction monitors for the two possible

problematic valves
p7, p8, p9 Process model validation monitors for the three

quality variables
p10, p11, p12 Disturbance change monitors for the three

quality variables
p13, p14, p15 Sensor bias detection monitors for the three

quality variables

Table 6. Summary of Bayesian Diagnosis Parameters

Discretizaion ki ¼ 3(‘‘low,’’ ‘‘medium,’’ ‘‘high’’),
K ¼ 315 ¼ 14348907

Historical data 300 samples for each mode, except UC
Prior samples Uniformly distributed with prior sample,

aj ¼ 1, A ¼ 14348907
Prior probabilities p(NF) ¼ 0.1, p(mother) ¼ 0.09
Evaluation data 300 samples for each mode, from training

modes and UC

Figure 5. Posterior probability assigned to each mode.
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under such a condition. When the discrete output of the pres-
sure sensor bias monitor indicates ‘‘low’’ or ‘‘medium’’, the
chance that the readings of monitors p6 and p9 are missing
is 10%. By analyzing the original historical data set for m9

mode, it can be observed that p9 in most of the samples
indicates ‘‘high’’. Although most of such data samples are
incomplete, the distribution of the complete evidences for m9

is distorted as shown in Figure 6, which will deteriorate the
diagnosis performance.

Diagnosis with the Proposed Approach. We use the pro-
posed approach for single missing pattern to tackle this prob-
lem. A UCEM is constructed, and the expected number of
each possible underlying complete evidence is calculated
according to Eq. 26. These estimated samples are added to
the samples with complete evidences as the new set of his-
torical data. We may regard this procedure as recovery of
the incomplete data with the proposed approach.

Consider a figure with the horizontal axis indicating dif-
ferent realizations of complete evidences (different combina-
tions of each monitor readings to form evidences that
appeared in data records) and the vertical axis indicating the
numbers of occurrences in the historical data set of the cor-
responding evidences. The original data set (no missing data
problem), the set with missing data, and the recovered data
set are shown in Figure 6. It should be noted that the miss-
ing evidences that do not appear in the set with missing data
are now recovered and displayed in Figure 6, together with
the original ones.

Clearly, the evidence distribution is seriously distorted if
only complete samples in the set with missing data are con-
sidered. Although the proposed approach cannot recover all
underlying missing evidences, i.e., to make the dotted line in
6 coincide with the solid one, the dotted line (recovered data)
can follow the overall trend of the original data well, which
implies that likelihood distribution is well recovered. Further,
compare the diagnosis results of m9 mode using the original
data set, and the diagnosis result from the set with missing
data using two different strategies, i.e., (1) simply ignoring all
the incomplete samples and (2) using the proposed approach.
The comparison results are displayed in Figure 7. By ignoring
all the incomplete samples, the posterior probability assigned
to mode m9, which is the true underlying mode, is only

0.1606. This probability is not the largest one assigned, which
means that the diagnostic system generates an erroneous
result. By using the proposed approach, the posterior assigned
to m9 mode is 0.3736, which is the largest probability
assigned to all the potential modes. Thus, the diagnostic sys-
tem generates correct result with the proposed approach.

To further examine the performance of the proposed
approach, Monte Carlo simulations are performed. Totally
1000 runs are performed for the above simulations. The
mean values of the posterior probabilities using original data
and incomplete data set with two missing data handling
strategies as discussed earlier are displayed in Figure 8. By
comparing Figure 7 and 8, the posteriors in two figures are
very close, indicating small deviation of each simulation
from mean values. The standard deviations of the Monte
Carlo simulations are summarized in Figure 9. The small
standard deviations of the Monte Carlo simulations indicate
once again quite consistent results of each simulation.

In the histogram of the posterior probabilities assigned to
mode m9 shown in Figure 10, one can see that the posteriors
obtained from original data set are always the highest.
Although the posteriors calculated from incomplete data set

Figure 6. Comparison of complete evidence numbers.

Figure 7. Diagnosis results with different data set.

Figure 8. Mean value of posteriors with Monte Carlo
simulations.
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with proposed approach are smaller than those by complete
data, they are all higher than the results when the incomplete
samples are simply discarded. In summary, it can be con-
cluded that the proposed approach has improved diagnosis
performance in the presence of missing data.

Gibbs Sampling Method. The Gibbs sampling method is
selected as an example to compare the performance of the
proposed missing data handling strategy with those of tradi-
tional ones. Gibbs sampling is a Monte Carlo Markov chain
(MCMC) method introduced by Geman16 and Geman. It is
capable of estimating the parameters in case of missing data,
and thereby reconstruct the missing data according to the
estimated parameters. Readers can refer to Ref. 17 for details
of the algorithm. A software named BUGS (Bayesian infer-
ence Using Gibbs Sampling)18 is used in this work to per-
form the Gibbs sampling.

By plotting the figure with the horizontal axis indicating
different realizations of complete evidences and the vertical
axis indicating the numbers of occurrences in the historical
data set of the corresponding evidences, the original data set
(complete data), the recovered data with proposed approach,
and the recovered data with Gibbs sampling are shown in
Figure 11. It can be observed that the evidence distribution

recovered with Gibbs sampling by a large number of itera-
tions (4000 iterations in this example) converges to that
recovered with the proposed approach.

If the numerical iterations are not sufficient, however, the
result obtained by Gibbs sampling method will deviate more
from that obtained by the proposed method. Figure 12 shows
the evidence reconstruction error in terms of differences
between the number of occurrence of the evidences in the
original data set and the number of occurrence of the eviden-
ces after reconstructions by the two methods as discussed.
The closer the difference to zero, the better the reconstruc-
tion performance is. It is observed that with insufficient iter-
ations (10 iterations in this example), Gibbs sampling
method yields larger reconstruction error than the proposed
method. In other words, the performance of Gibbs sampling
method is by all means no better than that of the proposed
approach.

Approximation of multi missing pattern solution

As discussed in previous sections, the solution of single
missing pattern problem provides a viable alternative in the

Figure 9. Standard deviations of posteriors with Monte
Carlo simulations.

Figure 10. Histogram of posteriors assigned to m9.

Figure 11. Comparison of complete evidence numbers.

Figure 12. Reconstruction error.
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presence of multi missing patterns. An example is provided
here to further demonstrate the idea.

In the data missing case studied so far, two monitor read-
ings p4 and p9 are assumed to be unavailable simultaneously
if missing occurs, and hence there is only one missing pat-
tern considered. This problem can be modified into a multi
missing pattern problem by removing the assumption that
the two monitors must be unavailable simultaneously if
missing occurs. Thus, there can be three different missing
patterns in the evidence data set: missing p4 only, missing
p9 only, and missing p4 and p9 simultaneously. Let p6 or p9
tend to be missing when the discrete output of the pressure
sensor bias monitor reading is ‘‘high’’; 90% of p6 or p9 are
missing under such a condition. When the discrete output of
the pressure sensor bias monitor indicates ‘‘low’’ or ‘‘me-
dium’’, the chance that the readings of monitors p6 or p9 are
missing is 10%.

By applying the singlemissing pattern method, we only
need to deal with the singlemissing pattern with missing p4
and p9 simultaneously, i.e., omitting some available monitor
reading p4 or p9 whenever the other one is missing. As such,
all the incomplete evidences are categorized into a single
missing pattern (p1,…,p5,�,p7,p8,�,p10,…,p15). Not surpris-
ingly, the diagnosis results by this approximation are the same
as those presented in Figures 6 and 7, and it has been shown
that they are considerably better than simply ignoring an entire
evidence when one of the monitor reading is not available.

Industry Evaluation

The data-driven Bayesian diagnosis approach has been
tested on an industry diluted bitumen preheater process.

Process description

The schematic diagram of the process is presented in Fig-
ure 13. The function of this process is to heat the diluted
bitumen from the upstream process to a desired temperature
with a furnace. The diluted bitumen is fed into the furnace
through eight passes, and the bitumen is heated within the
coils in the furnace. The eight bitumen passes are mixed at

the outlet and then fed into downstream process. Flow control
of the bitumen feed is provided for each of the eight heater
passes with eight PID controllers, FIC1 to FIC8, respectively.
The set-points of the flow PID controllers are set by a multi-
variate MPC controller to control the temperatures of the
eight passes at the outlet TI1 to TI8, i.e., coil outlet tempera-
tures (COTs). The COTs are controlled such that differences
between the eight COTs and their average COTave can be
minimized, and the COTave is always within the limit range.
This MPC application is known as the pass balance.

One of the flow control loops, FIC4 is subject to the prob-
lem of a sticky valve and frequent problematic PID control
performance. Thus, the control system has three problematic
modes: (1) valve stiction problem, (2) control tuning prob-
lem, and (3) simultaneous valve stiction and controller tun-
ing problem. They share almost the same symptoms, such as
process oscillation and large process variance. The interest is
to isolate the problem source. The historical data we
obtained contain the valve stiction mode and the simultane-
ous valve stiction and problematic controller tuning mode.
The proposed Bayesian approach is used to synthesize moni-
tor outputs to distinguish different problems with similar
phenomenons, so as to enhance the stiction detection and
control performance monitoring.

Data-driven Bayesian diagnosis

Three monitors are chosen for the Bayesian diagnostic
system, including the univariate control performance monitor
p1, model validation monitor p2, and valve stiction monitor
p3. The univariate MVC benchmark is used to monitor the
control performance of the difference between TI4 and
COTave. The model validation monitor p2 uses the local out-
put error approach to monitor the model change between the
input FI4 and the output TI4. The ellipse fitting method with
oscillation detection is utilized for the FIC4 valve stiction
monitor. Each complete evidence consists of three monitor
readings, i.e., E ¼ (p1,p2,p3). Each single monitor reading is
discretized into two values, ‘‘abnormal’’ and ‘‘normal’’.
Thus, totally there are 23 ¼ 8 discrete evidence bins.

The historical data contain two problematic modes to-
gether with the normal operation mode. The two problematic
modes are denoted as sticky (sticky FIC4 valve problem
only) and SP (simultaneous sticky FIC4 valve and problem-
atic PID control). The normal operation mode is denoted as
NF (normal functioning). It should be noted that the histori-
cal data are collected when there is no setpoint change or
other major upsets, such that the process operation status is
consistent with the defined mode. The sampling interval of
process data is set to 1 min. Each window of data consists

Figure 13. Structure of diluted bitumen preheater.

Table 7. Summary of Bayesian Diagnosis Parameters

Evidence E ¼ (p1, p2, p3)
Discretization ki ¼ 2, K ¼ 23 ¼ 8
Historical data 41 samples for NF mode, 23 samples for

SP mode, and 8 samples for sticky mode
Prior samples Uniformly distributed with prior sample

aj ¼ 1, A ¼ 8
Prior probabilities p(NF) ¼ p(SP) ¼ p(sticky) ¼ 1/3
Evaluation data 10 samples for NF and SP mode, and

2 samples for sticky mode
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of �8-h process data for a calculation of one monitor read-
ing or one ‘‘historical sample.’’ The collected data of the
three modes are divided into two parts. One part is for esti-
mation of the likelihood, and the other is for crossvalidation
of the Bayesian diagnostic system. Table 7 summarizes
parameters for the Bayesian diagnosis.

With the data-driven Bayesian approach, the diagnosis
results shown in Figure 14 are obtained for the crossvalida-
tion data. In each plot, the posterior probability correspond-
ing to the true underlying mode is shown with gray bars,
whereas others are in dark bars. Thus, if the gray bar is
highest then the correct diagnosis is obtained. From Figure
14, we can see that all the true underlying modes are
assigned with the largest probabilities, indicating correct
diagnosis of the three modes.

Missing data handling

Furthermore, we consider a scenario that some historical
data sampled under SP mode have the missing control per-
formance monitor reading p1. The missing ratio or the prob-
ability of missing data changes according to the output of
p1. When p1 is ‘‘normal,’’ the probability that p1 is missing
is 0.3; when p1 is ‘‘abnormal,’’ the probability is 0.9. Thus,

p1 is more likely to be unavailable when the control per-
formance is poor. Column 2 of 8 shows the true occurrences
of complete evidences in the historical data set for mode SP,
and column 3 shows actual appearance of the evidences. It
can be observed that the distribution of evidences is distorted
with missing data, and so does the likelihood of evidences.
If only the samples with complete evidence are used to cal-
culate the likelihood, the diagnosis results of SP mode are
shown in the middle panel of Figure 15, where the highest
probability is not assigned to the true underlying mode.

With the proposed approach, the recovered historical sam-
ples are presented in the last column of Table 8. It can be
seen that evidence distribution of the recovered data cannot
be exactly recovered to the true one, but is able to be closer
to the true evidence distribution. Thus, in the diagnosis
results obtained with the recovered data, shown in the right
panel of Figure 15, the highest probability is indeed assigned
to the true underlying mode, and the probabilities assigned
to the three modes are close to the results obtained with the
true data set.

Conclusions

In this article, a novel data-driven Bayesian approach for
control loop diagnosis with missing data is presented. Bayes-
ian methods are used to synthesize control loop monitors
and isolate the underlying problem sources. Data missing
problem is handled via marginalization of evidences over the
UCEM. The proposed method is verified by a simulated bi-
nary distillation column and an industry process, where the
features of the Bayesian approach to the synthesis of a vari-
ety of monitors are demonstrated.

Notation

aj|m ¼ Dirichlet parameter, or prior sample number for the j-th
evidence value under mode m

ci ¼ the i-th component in the control loop
dt ¼ the t-th historical data sample

dtmi
¼ the t-th historical data sample for mode mi

ei ¼ the i-th possible discrete evidence value
et ¼ evidence of the t-th historical data sample

~eðtÞ ¼ input of nominal disturbance model at time stamp t
ki ¼ number of discrete outputs of the i-th monitor
mi ¼ the i-th possible mode
mt ¼ underlying mode of t-th historical data sample
nj|m ¼ number of historical samples with evidence ej and mode m
qi ¼ number of status of the i-th component

y(t) ¼ process output at time stamp t
ŷðtÞ ¼ simulated process output at time stamp t
Am ¼ total number of prior sample for mode m
E ¼ evidence
Gl ¼ nominal disturbance model
K ¼ total number of evidence values

Figure 14. Posterior probability assigned to each mode.

Figure 15. Diagnosis results with different data set.

Table 8. Realizations of Evidences with Different Data Set

Evidences

Numbers of Occurrences

True Data Sampled Data Recovered Data

(101) 18 2 12.2
(001) 2 1 7.8
(100) 2 0 0.667
(000) 1 1 2.333
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M ¼ mode of the control system
Nc ¼ complete historical sample number (implicitly for mode m)

Nm, N ¼ total number of historical samples for mode m
~N ¼ total number of historical samples for all modes
P ¼ number of components in the control system
Q ¼ total number of modes
Sk ¼ number of possible incomplete evidences of the k-th UCEM
Rk ¼ number of possible complete evidence corresponding to an

incomplete one in the k-th UCEM
R~e ¼ variance of ~eðtÞ
D ¼ overall historical data set
Dc ¼ historical data set with complete evidences
Dic ¼ historical data set with incomplete evidences
Dm ¼ historical data set for mode m

D:m ¼ historical data set for modes other than m
E ¼ set of all possible evidences

M ¼ set of all possible modes
pi ¼ output of the i-th monitor

Hm ¼ likelihood parameters for mode m
hei|m,hi|m ¼ likelihood of evidence ei under mode m

hi,j/k ¼ likelihood of evidence es,r in the k-th UCEM
X ¼ space of all possible likelihood parameters

ei,j/k ¼ complete evidence with location (i,j) in the k-th UCEM
gi/k ¼ numbers of historical data samples with evidence ei in the

k-th UCEM
gi,j/k ¼ numbers of historical data samples with evidence ei,j in the

k-th UCEM
g0i,j ¼ expected number of samples with evidence ei,j in the

incomplete data set
ei/k ¼ incomplete evidence corresponding to the complete evidence

ei,j in the k-th UCEM
ki/k ¼ likelihood for incomplete evidence ei in the k-th UCEM

qmiss
i ¼ data missing ratio for the i-th row evidences in a UCEM

Literature Cited

1. Jelali M. An overview of control performance assessment technology
and industrial applications. Control Eng Pract. 2007;14:441–466.

2. Huang B, Shah S. Performance Assessment of Control Loops.
Springer-Verlag, London, UK, 1999.

3. Qin S. Control performance monitoring—a review and assessment.
Comput Chem Eng. 1998;23:173–186.

4. Harris T, Seppala C, Desborough L. A review of performance moni-
toring and assessment techniques for univariate and multivariate
control systems. J Process Control. 1999;9:1–17.

5. Schafer J, Cinar A. Multivariable MPC system performance assess-
ment, monitoring, and diagnosis. J Process Control. 2006;14:113–
129.

6. Patwardhan R, Shah S. Issues in performance diagnostics of model-
based controllers. J Process Control. 2002;12:413–427.

7. Thornhill N, Horch A. Advances and new directions in plant-wide
controller performance assessment. Proceeding of International
Symposium on Advanced Control of Chemical Processes, Gramado,
Brazil, 2006.

8. Huang B. Bayesian methods for control loop monitoring and diagno-
sis. J Process Control. 2008;18:826–838.

9. Pernestal A. Ph.D Thesis, KTH School of Electrical Engineering,
2007.

10. Dey S, Stori J. A Bayesian network approach to root cause diagnosis
of process variations. Int J Mach Tools. 2005;45:75–91.

11. Mehranbod N, Soroush M, Panjapornpon C. A method of sensor
fault detection and identification. J Process Control. 2005;15:321–
339.

12. Steinder M, Sethi A. Probabilistic fault localization in communica-
tion systems using belief networks. IEEE/ACM Trans Network.
2004;12:809–822.

13. Volk U, Kniese D, Hahn R, Haber R, Schmitz U. Optimized multivari-
able predictive control of an industrial distillation column considering
hard and soft constrains. Control Eng Pract. 2004;13:809–822.

14. Ahmed S, Huang B, Shah S. Validation of continuous-time models
with delay. Chem Eng Sci. 2009;64:443–454.

15. Qin S, Li W. Detection and identification of faulty sensors in
dynamic process. AIChE J 2001;47:1581–1593.

16. Geman S, Geman D. Stochastic relaxation, Gibbs distributions, and
the Bayesian restoration of images. IEEE Trans Pattern Anal Mach
Intell. 1984;6:721–741.

17. Korb K, Nicholson A. Bayesian Artificial Intelligence. Chapman &
Hall/CRC, Roca Raton, USA, 2004.

18. The BUGS (Bayesian inference Using Gibbs Sampling) project web-
site. Avaliable at: http://www.mrc-bsu.cam.ac.uk/bugs/.

Appendix

Estimation of Evidence Likelihood

Suppose that the likelihood of evidence es,r is about to be
calculated. According to Eq. 4,

pðes;rjM;DÞ ¼
Z
X
pðes;rjH;M;DÞf ðHjM;DÞdH

¼
Z
X
hs;r

c

pðDjMÞ
YS
i¼1

YR
j¼1

h
gi;jþai;j�1

i;j �
XR
k¼1

Hi;k

 !gi
" #

dH

¼ c

pðDjMÞ

Z
X
hs;r
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i¼1

YR
j¼1

h
gi;jþai;j�1

i;j �
XR
k¼1

hi;k

 !gi
" #

dH

¼ cR
X pðDjh;MÞf ðhjMÞ

�
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h
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h
gi;jþai;j�1

i;j �
XR
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hi;k

 !gi
" #

dH

 !,

Z
X

YS
i¼1

YR
j¼1

h
gi;jþai;j�1

i;j �
XR
k¼1

hi;k

 !gi
" #

dH

 !
:

(A1)

The denominator of Eq. A1 is

Z
X

YS
i¼1

YR
j¼1

h
gi;jþai;j�1

i;j �
XR
k¼1

hi;k

 !gi
" #

dH

¼
Z
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YS
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YR
j¼1

h
gi;jþai;j�1

i;j �
X

ti;1;…;ti;R

gi
ti;1;…; ti;R
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hti;1i;1…hti;Ri;RdH

¼
Z
X

YS
i¼1

X
ti;1;…;ti;R

gi
ti;1;…; ti;R

� �
�hti;1þgi;1þai;1�1

i;1 …h
ti;Rþgi;Rþai;R�1

i;R dH;

(A2)

where

gi
ti;1;…; ti;R

� �
¼

ti;1

ti;1

� �
ti;1þ ti;2

ti;2

� �
…

ti;1þ ti;2þ…þ ti;R

tRi

� �

¼ gi!
ti;1! ti;2!…ti;R!

;

(A3)

and
P

ti,1,…,ti,R is summation over all possible sequences of non-
negative integer indices ti,1 through ti,R such that

PR
j¼1 ti;j ¼ gi.

Similarly, the numerator in Eq. A1 is

Z
X
hs;r
YS
i¼1

X
ti;1;…;ti;R

gi
ti;1;…;ti;R

� �
�hti;1þgi;1þai;1�1

i;1 …h
ti;Rþgi;Rþai;R�1

i;R dH

(A4)
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Denote all sets of ti,1,. . .,ti,R as T i, combination of all T i

as T ,
gi

ti;1; . . . ; ti;R

� �
as CCT i

gi
, and gi,j 1 ai,j 2 1 as qi,j. Then

Eq. A2 is

Z
X

YS
i¼1

X
T i

CT i
gi
hti;1þqi;1
i;1 …hti;Rþqi;R

i;R

" #
dH

¼
X
T

YS
i¼1

CT i
gi

�
Z
X

YS
i¼1

hti;1þqi;1
i;1 …hti;Rþqi;R

i;R

h i
dH

¼
X
T

QS
i¼1 C

T i
gi

QR
j¼1 Cðti;j þ qi;j þ 1Þ

CðN þ Aþ 1Þ ;

(A5)

where N ¼
P

i gi þ
P

i

P
j gi;j is the total number of histori-

cal data samples for mode M, including both complete and
incomplete samples; A ¼

P
i

P
j ai;j is the total number of

prior samples, which is, however, only applicable to the
complete evidences.
With the new notations, Eq. A4 can be rewritten as

Z
X
hs;r
YS
i¼1

X
T i

CT i
gi
hti;1þqi;1
i;1 …hti;Rþqi;R

i;R

" #
dH

¼
X
T

QS
i¼1 C

T i
gi
Cðts;r þ qs;r þ 2Þ

Q
j 6¼r Cðti;j þ qi;j þ 1Þ

CðN þ Aþ 1Þ
(A6)

The likelihood of evidence es,r can be calculated as

pðes;rjM;DÞ

¼ 1

N þ A
�
P

T
QS

i¼1 C
T i
gi
ðts;r þ qs;r þ 1Þ!

Q
j 6¼rðti;j þ qi;jÞ!P

T
QS

i¼1 C
T i
gi

QR
j¼1ðti;j þ qi;jÞ!

:

(A7)

As discussed previously, there is no replication between
different rows in a UCEM. Any possible underlying com-
plete evidences of an incomplete one can only be located
uniquely in the corresponding row. Thus, the assignments of
ti,1,…,ti,R are independent for different rows i, and Eq. A7
can be simplified to

pðes;rjM;DÞ

¼ 1

N þ A
�
P

T s
CT s

gs
ðts;r þ qs;r þ 1Þ!
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T nT s

Q
i 6¼s C

T i
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T nT s

Q
i 6¼s C

T i
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j¼1ðts;j þ qs;jÞ!

¼ 1

N þ A
�
P

T s
CT s

gs
ðts;r þ qs;r þ 1Þ!

Q
j 6¼rðts;j þ qs;jÞ!P

T s
CT s

gs

QR
j¼1ðts;j þ qs;jÞ!

;

(A8)

where T nT s is the combination of all the possible set of T i

with i = s.
As a result, the likelihood equation is greatly simplified by

completely removing other possible T i with i = s. Only the

assignment of ts,1,…,ts,R to evidences es,1,…,es,R needs to be
considered. However, the computation load is still heavy and
will grow exponentially with the increase of R and gs. Fur-
ther simplification is needed to make the likelihood compu-
tation feasible. This is developed later.
Lemma 1.

X
T s

gs
t1;…; tR

� �YR
j¼1

ðxj þ tjÞ! ¼
YR
k¼1

xk! �
Ygs�1

i¼0

XR
j¼1

xj þ iþ R

 !

(A9)

See appendix for details of the proof.
With Lemma 1, Eq. A8 can be further simplified. The

denominator is

ðN þ AÞ
X
T s

gs
t1;…; tR

� �YR
j¼1

ðtj þ gs;j þ as;j � 1Þ!
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½gs;j þ as;j� þ i

 !
;

(A10)

and the numerator is

X
T s

gs
t1;…; tR

� �
ðtr þ gs;r þ as;rÞ! �

Y
j 6¼r
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(A11)

By substituting Eqs. A10 and A11 in Eq. A8, the follow-
ing result is obtained for the likelihood of evidence es,r,

pðes;rjM;DÞ ¼
gs;r þ as;r

N þ A
�
PR

j¼1ðgs;j þ as;jÞ þ gsPR
j¼1ðgs;j þ as;jÞ

¼
gs;r þ as;r

N þ A
� 1þ gsPR

j¼1ðgs;j þ as;jÞ

 ! (A12)

Proof of Lemma 1

X
T s

gs
t1;…; tR

� �YR
j¼1

ðxj þ tjÞ! ¼
YR
k¼1

xk!
Yns�1

i¼0

XR
j¼1

xj þ iþ R

 !

(A13)

Use mathematical induction to prove the above equation.
First, let ns ¼ 1, R ¼ 2, which is the most simplest data

missing case, i.e., one incomplete data sample with two pos-
sible evidence values.

RHS ¼
Y2
j¼1

xj!
Y0
i¼0

X2
j¼1

xj þ iþ 2

 !
¼ x1!x2!ðx1 þ x2 þ 2Þ

(A14)
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LHS ¼
X
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1
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(A15)

There are two parameters which need to be inducted, ns
and R. Suppose the equation holds for ns and R.

Induction on R

Note that Eq. A13 can be written as
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(A16)

Thus,
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In Eq. A17,
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so
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By multiplying Eq. A19 with
QRþ1

j¼1 xi!, we can get
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(A20)

Induction on ns

RHS of eq. A16 is
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Following the multinomial theorem, which indicates that
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Equation A21 can be written as
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By multiplying Eq. A19 with
QRþ1

k¼1 xk!, we can get
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(A24)

which completes the induction and the proof.
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